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Introduction

The influence of mathematicians of medieval Islamic civilization on their contemporary society and
on the development of science in both the East and the West can only be understood after close
study of the life and works of these mathematicians. How surprising is it then to see that even the
most basic and widespread mathematical treatises are still either only available in manuscripts or
severely understudied (or even worse, both!). An example of such an important work is the

coll ection of tayripamutavesgt)dflthesavhnoNak s DaakTus1T (gener al |
acknowledged to be the most important Islamic scientist of the 13 century C.E.). This collection
consists mostly of Arabic versions of Greek treatises (and to a lesser extent treatises of Arabic
origin), reordered, rendered understandable again from defect translations, annotated with
comments and put together with new insights. In all, it seems as a very important project and the
large collection of extant manuscripts shows that it had a significant influence on mathematicians

in the centuries to come. Despiteallthi s, | i ttl e i s known on what thes

In this thesis I want to present my first footsteps into this exciting field , by studying The

meagrement of the ciroleArchimedes as al-Th Bhas edited and commented it. The measurement of

thecircle s a treatise that belongs in the collection
Archimedes (ca. 250 B.C.E.) and consists in its extant form of three propositions. The first one is that

a circle is equal to a right triangle of which one of the sides is equal to the radius and the other equal

to the perimeter. The second proposition is even more interesting, as it gives for the first time in
historya very good approximation of 1 (%lasiar) . The thi

approximation of T Al-TUsT not only edits the text, but includes also original contributions and

compl etes or corrects Archi medes text here and

between Archimedes original text andal-TisT s edi ti on i nteresting.

From a st udie itialssintepestingsopee that such an important topic is not very well
documented by scholars. Maybe an explanation on the question why this has not been properly
studied before is the sheer vastness of the subject. The measurement of the cisalee typed out in
two pages, yet all kinds of interesting questions and issues arose to me while studying al-Ta B s
rendering of the text. For example, what is exactly this collection of akmutawasgy geople speak of?
Why did al-TO Bundertook a project to produce new editions of these texts? To what extend did he
made original contributions? All these questions can be answered by an educated guess, but an

answer firmly backed up by evidence is not as easily given as one would think. Again, we can make



general assumpti ons b uuhtil weetudy thesotircedThinis akowkyn ow f or

Y.y

besides trying to answer these questions, these thesis also provides the reader with a fully worked

out text which students of Arabic should be able to read without any problem.

The thesis is divided into four chapters. In the first one a historical approach is taken; some

background knowledge of Islamic civilization could come in handy but is not required. AI-Ta 8 s | i f e

as a mathematician is described,theh i st ory of t hexplainedithdldstordcal b 0 0 k s’ i s
background of The measurement of the diral¥ is given and it finishes by placingal-TasT s r evi si on
of The measurement of the dititlee context of his collectionof the'mi dd | e kw®wodds’ . Th
chapter is a rendering of the full text of al-TQ ENext to the Arabic edition a translation is placed,

andnext to that i s a tr atetlThefigirethat odinthh mansdippe de s’ o
are also reproduced and placed after the text. Chapter three is devoted to a commentary on the text.

It involves mathematical, historical, linguistical and other issues. Chapter four completes the thesis

by presenting some final results and remarks on further research. A bibliography at the end

contains full references to all publications that have been used and there is also a table of contents

of the Tehran facsimile edition appended.
In the hope to inspire other people to pursue research in this fascinating field,
Eric van Lit

October, 2008



Chapter 1

Nag r-DR hTaa 1T ' s hismafhenatiwahcdntributions!
The scientist who edited the text under discussionh e r e i “far Mghbnimaddba Muhammad

ibnal-HasanNagsl r-Da hTaoa T , for obvious reagsadbsnTusbhal(lly ref
will even abbreviate that to simpl y -Ta @1 ’ fromTarsdw Idnv)e.d Alasom 597/ 120
Khurasan) to 672/1274 (Baghdad) and gained widespread popularity already during his own life,

eventually giving him a whole range of honorary titles of which kh'g ddistinguished scholar),

r p q glemshafteacher of mankind) and akmuallim alg e ¢ (thé thire teacher)’ are among the

most honorable. AI-TUsT was a prolific writer, completing a
ranging from theology and religious law to ethics and astronomy and everything in between. As al-

Ta s T ' wais othe bf tuemnoil (because of the Mongol invasion) and political and religious

ambiguities (switching back and forth to various political and religious stances) it is not easy to give

a straightforward biography. However, concerning his life as a mathematician, I believe a somewhat

unequivocal account can be given.

Al-TosT was born into a family that seemed to be r
(like mathematics, logic and medicine). At first his father taught him the traditional Islamic sciences

(N r o, y"“gaknrg fiqh), but presumable already at very young age (10-12)" al-T0 salko began to

study topics like mathematics and (Greek) philosophy. His mathematical education can be divided

into three stages. Towards his puberty he studiedu nd er s u p e r v i-DsiinohaMmadfal- Ka ma |
Ha s, fotusing explicitly on mathematics. ° Although we are not sure, he will probably covered the

Elementsf Euclid in this period. The second stage is between 610/1213 and 618/1221, when he left

for Nisabdar to st utbpl-Da mdisat ngu fedi wnidsDiadma dahf. Qe r e

studied a variety of subjects and we cannot be exactly sure to what extent he received mathematical

! This biography draws from Daiber, H., akMc 1p ) o) K- ¥EI, 746a-752a and Ragep, F.J., Nao) o-Dn/Xipchpiy p

memoir on astronomy, Springer-Verlag, New York, 1993, pp. 3-23

2 The first number of all dates indicate the Hijrm dat e, a cldamic dlendag(whiclostartethie 622

C.E. and is lunar). The second number refers to C.E.: Common Era.

*The “first teacher’ beingFAnabtotle and the ‘second
*Ragep, pp. 6, asserts thatal-Tus | e fis@ba f so m&t i me &8Ft et h6 50mMAREs an age
not uncommon that someone can learn a great deal of the Islamic sciences on a reasonable level already at an

age of 10 (this should especially be not difficult for a bright mindasal-Tas) , it woul doupleefave a g
years between his | sl amife asanilan qhickéesrnerassedsutds,D.sAvicemna p t o NT ¢
and the Aristotelian Traditibf Brill, Leiden, 1988, p. 152. It should be noted that al-TasT studied and wrote on

religious and theological topics throughout his life, see also his spiritual autobiography: Badakhchani, S.J.,

Contemplation and Actidh Tauris, London, 1998

® Badakhchani, SJ.,p.26



training. It seems probable that he at least covered some mathematical texts of for example
Archimedes or Menelaus (inall , what is referred t oQebs _tihipw ‘ag™dd
alkmutawasgj ¢| which were all available in Arabic translations. Whether he had to flee for the

Mongol invasion army, or it was just his thriving for more knowledge, al-Td s T od Iraqfarid  f

became a studémt i dfn Kamals.all bn Yunus was a f amo
astronomer who had a g o Aldhagestindtiereartt@oredsonatg of Pt ol e
believe that al-TO s T s t Wldhagesilith hirh. Birst of all, students back then wanted to

complete their mathematical training with the Almagesh order to become an astronomer (which

held better career opportunities). Secondly, i bn YOnus was ita Sunnl
school of religious law, so it seems unlikely thatal-Td s 7 ( bor n &n)d woauilsde dh aav eS hsit
religious topics with him. After this period he traveled in 630/1233t 0 Q0 h begith&n t o

professional career.
This makes the following timeline:

Age 10-13: Euc lEledénsnder s uper viDsiinchaMuadfal-HK & ma!1 al
Age13-20:. Various mat hematical treatisestb(“middl
a-DT nMisasli and-DFar Ddmabth.

1 Age 20-30: Pt ol Aimggessnder super vibDsiinoYioboofs . Kamal al

Hi s professional c arielatronageiLates, wherttlhe Bdagolodefiitivalyn d e r | s1
took over power, he sought refuge with them, giving him a second career at the Mongol court. His

ease of change of political stance and his dubiousr ol e i n t heT lflald mpHimea hreald es m.
suspectonhi s actual stamdeé st owarndse tthe stsmpd ace and t
the rumor that he secretly corresponded ‘Gwittsh t he
Thi s in turn promot é&sl Ttshef sumd youthaand hheellds nhai m i
somewhere around 644/ 1246 to 6537itdessdm i n t he f or

romantic to picture the geniusal-Tu s T hel d agai nstr thries ,wnWwiwiitlilng nl s
texts he himself did not agr ee Wwhitmshifwaskho we v er , W €
|l smm&a1t or not | et alone if he was held in captiyv

We do know that Al amidt had one ofnddoiietorddoi ggest | i
surprise that hereal-TO s T > s wr i t i ng cway. haisalsotleealdcdayTigot begdaes

to write revisions of Greek mathematical treatises in Arabic translation and works by Islamic

mathematicians (what eventually would culminate in his tayrr akmutawasgit). A list of his

publications is given below.

® For more information see Daiber, pp. 746b and Ragep, pp. 9-13



After the sdkckil otfr Avalmided awi t h t he Matrsed | army t
advisor and administrator of wagf(religious endowments). With wagfmoney, he was able to build an
observatory in Maragha. This was a big wperoject i
built and a vast library was established, even attracting astronomers from China. AI-Td s T b ec ame t h
director of the observatory and produced astronomical tables in a work called Wi g 1 i Bbside§ k

that he also produced the famous aFQ * a e Hilfnaté @ NMemdir on Astronomy) in which he

tried to improve on the Ptolemaic model of the cosmos.” For unknown reasons heleftf or Baghdad i
672/1274, in this same year he died and was buried presumablyn e ar t he s h-Kam(a of M0 s
H dmayn.

Al-TosT1T’'s work seemed to be very popular in the ce
very large number of manuscripts preserved in libraries all around the world. Unfortunately, there

i's not a | ot of research on his mb&tahbalenat i cal wr i
Handschriften islamischer Mathematidethe catalogue of Rosenfeld and Thsanoglu the following list

of treatises could be established.?

The following are all revisions or commentaries on Greek works (in Arabic translation) or Arabic

works:
| &Revision of the Book Almagegtof Ptolemaeus sh a ww a [Febrady 4247
“Revision of the Book Bi b j bf Ruglip A 22 sha’"ban 646/ 10 C
1248
| &Revision of the Book OpticAof Euclid 13 shawwal 651/ 6 De
1253
f  &RevisionoftheBookL k geb J | of Autoldcus P me6blf1i5A54
| &Revision of the Book P me b af Théogshus ju ma e5§ August 1253
{ &Revision of the Book PhenomenAaf Euclid 10 rabrt1’ |1 653/ 19
1 &RevisionoftheBookDat#of Thabit i bn ®&a/1265a
1 “Revision of the Book of knowledge on Measuring Plane and Spheriday FigtBea n 0 MO s a
653/1255
aRevision of the Book | b j j of Archimedes 653/1255
11 &Revision of the Book On Days and Nighkt§Theodosius 653/1255
"Aneditionandt r ansl ati on of this work can be found in Ragerfy
!Krause, M., “Stambul er Hand Quaétlanund Stedien zurGesehichtesderh e r Ma't

Mathematik, Astronomie und PkBaikin), Abteilung B: Studien 3. 1936, pp. 437-532. Reprinted in: Sezgin, F.,

Miscellaneous Texts and Studies on Islamic Mathematics and Astvoh@myfNdldmic Mathematics and

Astronomy, Institute for the History of Arabic-Islamic Science, Frankfurt am Main, 1998, pp.237-332. Krause

gives for some manuscripts dates based on textual evidence.

Rosenfeld, B.A., Thsanoglu, E., Mathematicians, Astronomers, and other scholars of Islamic civilization and their works
(7-19'c.) Research Centre for Islamic History Art and Culture, Istanbul, 2003, pp. 211-219



I &Revision of the Book On the Ascension of Btdiidypsicles  653/1255
f “RevisionoftheBookL k Of p f k d pfAdtdyaus P bespfisk d p A
{ &Revision of the Book On the Sizes and Distances of the Sun dod Mtarch
658/1259-60
1 &Revision of the Book On the Sphere and the Cylinder Rewdsior! of the Book Measurement

| ¢ q e bf Ar@fmedesi b A 661/1262-63
| &Revision of the Book P me b of NMehefau& Shab’an 663/ May 126
“Revision of the Book A * opfEdclid
“Revision of the Book of Assumptionsof Thabit i bn Qurra
“Revision of the Book Conic Sectibns of Apol | oni us

aRevision of the Book OnHabitationdof Theodosius

OnPremis es of t he Work

=A =A =4 =4 =2

Conic Sections” of Apolll
The following are his own, original contributions:

Removal of the Veil from Mysteries of Secants
Treatise on Secants in the Science of Geometry

Treatise on Salvation from Doubts about Parallel Lines

)l
)l
1
I Collection of Arithmetic by Means of Board and Dust
1 Book on Multiplication and Division

{1 Treatise on Arithmetic Problems and Algebra and Almucabala
1

Treatise on Proving the Impossibility of a Square Number being the Sum of two Odd Square

Numbers to be a Square Number

Commentary on “Propositions of Substantiatio
Comments to Euclid

Book of Victory in Algebra and Almucabala

On Motion of Rolling and Ratio between Straight and Curved Lines

Projecting the Sphere onto a Plane

=A =A =4 A4 A -

Inheritance According to the Opinion of Ahl al-Bayt

AsRosenf el d/ I hsanogl u’ s ref er ghere@ddbeirrsemewmapt al ways
overlap in dated and undated treatises and it could also very well be that this is not the complete list

ofal-TGsT s mat hemat i cThdbigpicdune howdvdy, is tuitealeas Al-TU ST ta&pen

¥ Krause also mentions “Centiloquiums Ptolemaus 20 rajab663/ 8 May 1265”" but this does
mathematical treatise (rather, an astrological one).



least from 644/1247 to 663/1265 time on mathematics, especially preparing new editions (with

commentary) of Arabic translations of Greek texts. It is noteworthy to see that he began in reverse

order; the first dated treatise is the AlImagesOnly a year later he published the other end of the

spectrum (i.e. the book for beginners rather than more advanced students) in the form of the

Elements\ suggestion for this choice could be that he found them the most important. Then there

seems to be a five year gap, in which he undoubtedly focused more on (IsmaT ) philosophy and

theology. From 651/1253 onward he frequently finished a mathematical text, I will come back on it

in the next paragraph. Note that the year 653 also covers some of the year 1256 C.E., but considering

the precarious situation with the Mongol army kr
seems more likely that he tried to finish as many treatises as possible before the Mongols actually
tookcontrol over Al amiat and lived up to t°heir repi
Also his active role in the negotiations betweentheIsmam | T s and t hlmtyddbongol ar my
probablykepthmaway from his scholarly activity. After
of some five years. In these years he worked for Hiilegii, the Mongol emperor. Only when he is at

safe distance, when he directst he constructing of thépekuMher agha obs
commentaries of the Greek texts again. After 663/1265 we lose track of his mathematical activity.

Maybe he felt he finished his revision project, maybe he spend more time on astronomy at the

observatory and maybe (but less likely) he continued revising Greek texts either way.

Ragep states at the beginning of his biographyofal-Tu s 17 t hat hi s “Hell enism | e
knowl edge f odmnidt ®evewn agallse™a f osbaultheobvieus;boweaer i ng t h
the insistence of numerous modern commentators that Islamic scientists could never rise to the

Greek view that knowledge was to be pursfued for
This overviewofal-TU s T as a mad¢edslkeowsaib deep, unaeliish commitment to

mathematics. Already at a young age he gave mathematics a try and soon after, only a child of 12 or

13 years old, he left for Nisabiur to seek new t
Mosul andoBbghdoimé a stbudentbnofyidkKamal Tal t his poi
thatal-TUsT was just in for the astronomy and indeed
As an astronomer who also wrote extensively on subjectssuchas phi |l osophyT Il ®} hics
theology, it seems as if he had more than enough on his mind. Yet still he managed to make time to

write commentaries on important mathematical treatises. Especially his life-long project on the

‘middle books’, that even continued while he prepared and directed the prestigious observatory at

Mar agha, proofs that he felt deeply committed tc

mathematics itself.

%1t would have been a smart anticipation of al-Ti & J@wayni mentions that except for a few manuscripts
the whole library of Alam0 twas destroyed. Ragep, p. 19

11
Ragep, pp. 4
2 Ragep, pp. 4 note 7



The tayo mlonutawasgy q

T h e tahir flalrneutawassita tconsists of two words who deserve separate attention. First there is

tayo ywhich usuallymeans* | i ber ati on’, but can be used in thi
‘comme,hted ayp oorrat iexmplonamertaried ane'quite common in Arabic medieval

times, usually scientists worked at the court of a kingdom or caliphate and wrote treatises on

questions the scientist was asked. For example, the famous Nasirean Ethics (> h e-f gdid)g@ismot

called Nasirean becauseofal-Tu s 7T hi msel f, btuas hHiswml-BNdanouBdndl s Ma
governor he worked for. The mathematical editions under discussion here miss these dedications,

but start by mentioning the title of the text and the name of the author which is about to be

rendered and commentedon. IfAl-TU sT i ndeed di d notrequestlemet t hese tr
have found it really important to complete all these editions, as he might as well could have written

on other subjects for which he did get paid, and not waste precious paper, ink and (most of all) time

on this ‘“voluntary work’

The term mutawasgy egfers to a collection of Arabic translations of Greek mathematical treatises.

Extremely little is known about this term, the best study of it going back to the year 1865." From

this study we know that the term was used as early as the 10" century C.E.* In the centuries after

that, the term was used as if the collection were one book in contrast to the Elementand the

Almagest It is rather unlikely that the term used to refer for example to their mediocre popularity,

rather it seems that the most probable use is of the books that come didactically between the
Elementand the Almagest For example,alNa s awl st ates at the beginning
(pseudo-) Ar c hilLerandge s“ ... t h e miwdhichlit & netessaoy ko seadbetwleen the

book of Euclid and the AlImagest™ As it became used as an didactical term over the years, so it also

included treatises by Islamic authors rather than only Arabic translations of Greek treatises.

Combining the list of Steinschneider' and the table of contents of the facsimileofal-Td s 1T ( s e e
appendix), the following |Iist of “middle books”
9 Euclid, Data
1 Euclid, Optics
9 Euclid, Phaenomena
1 Autolycus, Moving Sphere

13 Steinschneider, M., “Die mittleren Biicher der Araber und ihre Bearbeiter*, Zeitschrift fir Mathematik und
Phygk, nir. 10, Leipzip, 1865, pp. 456-498. Reprinted in: Sezgin, F., Euclid in the Arabic Tradition Text and Studies |
Islamic Mathematics and Astronomy, vol. 17, Institute for the History of Arabic-Islamic Science, Frankfurt am

Main, 1997, pp. 54-97.

“1bid., p. 56

2 1bid., pp. 56/57, note 11

' 1bid., pp. 57/58

Y Ibid., p. 78

®bid., p. 65

10



1 Autolycus, Risings and Settings
f  Archimedes, On the Spheard Cylindewith the commentary of Eutocius
M Archimedes, Measurement of the Circle
9 Theodosius, Spherics
9 Theodosius, Inhabited Places
1 Theodosius, Days and Nights
9 Aristarchus, Sizes and Distances of the Sun and Moon
1 Hypsicles, Ascensions
M Pseudo-Archimedes, Lemmata
1 Menelaus, Spherics
T Abd S a Wdditiddditditihe,Book On the Sphere and Cylinder of Archimedes
T Thabit iAssomedThings a ,
T Thabit iDatam Qur r a,
T Thabit iSéctor ofjhe Figuae,
f Muhammad i bn M0 sMeasurBneentof figdies a ) ,
1 Ibn al-Haytham, Division of the Line which Archimedes used in the second Book On the Sphere and
Cylinder
This |ist serves as an indication of what kind ¢

the manuscripts one can encounter various combinations of these texts, it is for example also
reported that one manuscriptsof al-TasT s * mi dd | e dTmdkss 'f aimmoculsu deesds ay o

parallel postulate and the Correction on Opfiesn al-K i n d 1

Taking the words tayo pm mutawasgy tpgether gives us the projectal-Ti s T sWea rd oend’ t

know if there were similar projects done before. AI-TU s T st ates at the beginnin
of the Sphere and Cylindef Ar chi medes t hat he r eatdbnQutra fir st f
and | ater i n an Honhyd Hethendtetes: of | shaq i bn

“I'n this codex | found what | sought, and so
order, setting out its contents precisely, proving its postulates, adding its necessary premises, and
transmitting a commentary on whatever of it is unclear, based on what I could take from Eutocius
and other representatives of this discipline [ ..]
end of the book the writing of Archimedes on the quadrature of the circle, since this depends on

axioms which are brou’ght wup in the former work.

19 Sezgin, F., Geschichte des Arabischen Schrjftturd®/ Mathematik bis ca. 430H, Brill, Leiden, 1974, pp. 128-
129. Translated in: Knorr. W.R., Textual StudiesAmcient and Medieval GeonRdifshiduser, Boston, 1989, p. 547

11



This establishes that al-TsT undertook his revision for at least the Sphere and the Cylingiémarily
to prepare a solid text and render a clear understanding of the treatises he felt were important. It
could be argued that al-T0sT held equal reasons to revise other mathematical treatises.
Unfortunately,we don’ t khowdnfluergiod d-Tatsliayo salonutawasgy @as in the
Islamic tradition. The 11" to 17™ century C.E. are pretty much unexplored territory so we can only

assume, based on the excellenceof al-To s T st e xvéry laags iimbernf manhseripts of the
tayo glonutawasgy that have survived, that al-Td s 17 ’ eirtudllgreplaced all older translations
and became some sort of standard work indeed to be read (as a single book rather than as a

collection of treatises) between the Elementand the Almagest

Archimedes and the translation of Themeasurement of the circle
The measurement of the cirtd@riginally written by Archimedes, who lived in the 3" century B.C.E.

The structure, its linguistics and the content tell us that it did not come down to us in the original
form. For first of all the treatise is very short, consisting of only three propositions. Secondly, the
second proposition cannot have been placed in the original version in the second place as it relies
on the result of the third proposition. Besides these structural arguments, the text reveals very little
of the Doric dialect Archimedes was used to write in.”” The content itself is very short. On several
occasions Archimedes merely states the result and leaves it to the reader to check the reasoning.

One of the most striking issues is the ease at which Archimedes seemed to use the approximation of

the root of 3, namely: i?—g < M3< 173;3—5;. According to Heath, the best solution at how Archimedes

. cpe v W wH . 7 o W .
came to use these inequalities is the formula (0% %> Pt > ot 2(&t_1'21 However, for this

34450 5 461365
173194 0= —=5__(
19891 1186955643

formula to work you would have to use 0= 0.000388696)

which looks rather odd and raises the question how you would find those fractions. Unless we find

historical evidence, we can only guess how Archimedes exactly calculated the inequalities.

We do not know much on the reception into the Arabic sciences. We at least know that The

measurement of the cincleavailable before 857 C.E.,asal-Ki ndT supposed to have c
its content with the scientist| b n  Ma s awa y h42/85%)F on the érigirthl translation is

still uncertainty, although the text was most probably translated first by Isha q  Hulayn and

afterwardsretr ansl at ed or i mpr o ¥lekisstodyofdl-firdlbst t r bat Qaer at

DYeath, T., A History of Greek Mathematitdl, Clarendon Press, Oxford, 1965, p. 50 compare: Dijksterhuis,
E.J., Archimedes, transl. by Dikshoorn, C., Princeton University Press, New Jersey, 1987, p. 222
?'HeathT.,p. 51

?’Rashed,R,AFKindy p @! j j bkg”2ov | k >0 ef | hm.b-psyn: Apaliesbiendedangp r o b j b k

Philosophyol. 3, Cambridge University Press, Cambridge, 1993, p. 15
*%Sezgin, F., GASpp. 128-131
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Rashed suspects there might have been another translation by Qustd  iL(b §f* He also asserts in
two footnotes that while the history of these translations has not yet been written, he examined all
of the extinct manuscripts and will publish the results of the research on it.”” Unfortunately, I did
not come across a publication of him on this topic. The best research is the 500-page chapter of

Knorr who gives an even wider overview of The measurement of the ¢hicbeigh the ages.”

The measurement of the diraleext at which youcanseeal-Tas at wor k in full, giv
commentaries on the statements Archimedes makes, and elaborating an expanding on it. In this
thesis,al-TasT’ s r e vThemeasorentemt of the dirstedied mostly in comparison with

Archi medes original text. As it is odfthcourse al
text over the centuries in Latin Europe, youcouldtakealo ok at Cl agett’'s very ex
documentation of the medieval Latin translations of the text. At the translation of Gerard of

s ddditions.

Cremona, a critical apparatus also indicates al-Ta s 1

Q" h pangoy Wit the tayo lanutawasgi g

Itseemsthatal-Td s T wr ot e h i Fhe measuremant ofthre yintleriate (661/1262-63).
However, he did write $phetichierdonsiess), whichiyincmded Me nel a u s
before The measurement of the dirtles tayo gtonutawasg .This means the actual compilation of
the tayo mlonutawasgy @as either conducted by al-TusT at the very end of his life or, more
probable, after he had died. In any case, The measurement of the dircle last book in the
manuscripts I looked at and appears right after On the Sphere and Cyljatierby Archimedes. In
fact, as we saw already in the citation from his preface to the On the Sphere and Cyljider
measurement of the ciictather an appendix to On the Sphere and Cylidderhe other hand, the
lay-out of The measurement of the durela like it is a text on its own. The commentary of On the
Sphere and Cylindgproperly concluded, including a proper Islamic formula and the new text is
properly introduced (and likewise properly concluded). On the other hand, the text does not start
with the basmallaf which is a strong indication it was not meant to be read separately from On the
Sphere and Cylin@iehich does start with the basmallah

*Rashed, R., pp. 15-16

*®Rashed, R., p. 12 note 15 and p. 18 note 30

®Knor.W. R., Part 111, The T®imensianbfth&Ciraldi ti on of Archi med
2 Clagett, M., Archimedes in the Middle Agdsl The Arabo-Latin Tradition, The University of Wisconsin

Press, Madison, 1964, pp. 40-55

®Thebasmallah s t he phrase in the name of God, the most co
texts from Islamic civilization start with this formula.

“
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Chapter 2

Formal remarks
Al-TG s Fevisin of The measurement of the cio@l€sts of the same three propositions Archimedes

wrote, but in another order. He realized that the second proposition depended on the third and so
swapped their order. At the end of proposition one, he proposes a generalization and another
significant contribution is the egus&foration of

astronomical tables. The treatise is written on 5 folia and contains 5 illustrations.

The following table shows the transliteration of the labels in the geometrical figures that are used in

the treatise.

Usage tdibels

Arabic F U 6 b n Cc n A p
Greek A B r A E Z H S I
Transliteration | a b g d e z h T y
Usage ddibels

Arabic L b a a J N ) E

Greek K A M N n ) p =
Transliteration 1 m n X 0 q s

In the second part of the second proposition, al-TUsT makes use of sexagesimal numbers. These
numbers are formed with letters which can for example be lookedupinToomer ' s edi ti on o
Arabic translation of the Conics of Appolonius.” In the translated text they take the form of for

example: 376; 59, 10, 59 which should be read as 376 + % + 204 3 ( 376,986).

602 603
The sources consulted
For al-TO s tevis®n of The measurement of the gitaldortunately do not have to restrict yourself
to the usage of manuscripts. There is a printed edition of the text inj ~ g°gkd * p(Hvylst),i
Haydar abad, whklBiss&rintedirtvdlume 48 of the Islamic Mathematics and Astronomy

series.” In this edition it functions as an appendixof t he | arger “book on the

**Toomer, G.J., Conics. Books Vto VIl :thef\ra qo”~kpi "qfl k |l c geb ilpg Dobbh |
Springer Verlag, New York, 1990, p. xcii

Oat-TaosTg radT n-Kurawkliugtuavba redr k h i [Mrtheiedss] bi-tahr 7jr~ g°pks » p(y y f |
vols.),Hay dar abad,pp. 123 BORegkibtell Oh:,Sezgin, F., A Collection of Mathematical and Astronomical
Treatises as Revised oy Na" gppcnpkipluthe 48 of Islamic Mathematics and Astronistitute for the

History of Arabic-Islamic Science, Frankfurt am Main, 1998, pp. 377-389 (X LHX|D bl
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wi t h commé mtgaawliug (t § k"o hieff jtagoajfadher texts in this book include
revisions on Autolycos, Aristarchos, Hypsicles and another text of Archimedes. For a better
understanding of the text and to correct the Hyderabad edition, I studied a facsimile printed in
Tehran.” This is a facsimile of Ms. Tabriz, Melli Library, no. 3484. Knorr published a translation that
is based on the Hyderabad publication and ms. arab. 2467, Bibliotheque Nationale, Paris. While his
main purpose is a linguistically one, his translation has some quirks and errors so I did not pay
specific attention to his edition for my Arabic version and my translation (see Chapter 3, some of his
mathematical observations regarding sexagesimal numbers are useful).” I used some preliminary

notes on technical vocabulary by Lorch. These notes proved helpful to get started.”

I have tried to make an edited Arabic text out of both Arabic sources. Whenever one of the texts

deviates a footnote shows the deviation with H for the Hyderabad-edition and T for the Tehran-

editionnThe translation of Archi med?@&withmifdrchaagks t ext wa
inspired by Dijksterhuis.”

%! al-Tusi, Nasir al-Din, Tayo ¢ dutawags ,dntroduction by Dr.Jafar Aghayani-Chavoshi , I nsitute f
Humanities and Cultural Studies, Tehran, 2005. Note the spelling error in the title (j r g ~ @ ”epphpr than

mutawasgi )q

*Knor. WR., pp. 535-594

* Muwafi, A., Philoppou, AN,> mmb kaf u ql p>k >0~ _f  Sbopjbunkofthe Bo~ql p

History of Arabic Science 5. Aleppo, 1998, pp. 145-165. Reprinted in: Lorch, R., Arabic Mathematical Sciences

Variorum, Aldershot, 1995, partIV:> KI gb | k geb Qb ekf ™ Al SI "~ ri~ov f

* Thomas, I, Selections lllustrating the History of Greek MatheshatiEsom Thales to Euclid, Cambridge
University Press, Cambridge, Massachusetts, 1967
» Dijksterhuis, E.J.
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Bilingual text of Q* h pangoy f*0ig¢ @t her wi t h

Translation éfrchmedesjext

Archimedes, Measurement of a circle

Any circle is equal to a right-angled triangle in
which one of the sides about the right angle is
equal to the radius, and the base is equal to the

circumference.

Let the circle A B Théve to the triangle E the

stated relation; I say that is equal.

For if possible, let the circle be greater, and let

the square A Ibe inscribed, and let the arcs be

®H:FTMF B
YHomf b
®HWOTFD
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Archi medes’ text
Translation @f-pcaystext Aralictex ofNaay al-Dm alvcs)
Essay of Archimedes on the measurement of the ! [ 3 @ 0V N D

circle, it is three propositions.

Every circle is equivalent to a right triangle of
which one of the two sides which surround the
right angle is equal to the half of the diameter of
that circle, and the other [side] is equal to its
perimeter. The result is that it is equal to the
rectangle contained by half of its diameter and

the line that is equal to half of its perimeter.

So let the circle be a circle ab g d and the said
triangle a triangle e. If the circle is not equal to it,

then it is either bigger or smaller.

Let it be bigger first. We draw in the circle a
square a g. It separates from it a bigger part than

Ue

Gr 7 "7

e” Née. m o
& “HETEBNDSELY Ads -
N @& ARNE s «

N\

\ ~ ~

e X T S .

NLat L

1] N\

ST QsE 1 FBPD#K_ L E
_ 13 ¢,

LTS ASNZ N1 "N TIABLIS ™ t5 QG
Al LR\

¥ AWM DA LS
[ & ~oN & °

[



divided into equal parts, and let the segments be
less than the excess by which the circle exceeds

the triangle.

The rectilineal figure is therefore greater than

the triangle.

Let N be the centre, and N Zperpendicular;

N Ss then less than the side of the triangle.

But the perimeter of the rectilineal figure is

therefore less than the triangle E;

the half of it [i.e. the circle]. We bisect ab at f and
similarly the four arcs and we connect the cords.
So the resulting triangles separate more than half
of the sections as has been proved before.

This is repeated until there remains sections of
the circle that are smaller than the measure of
the excess of the circle over the triangle e.

So the equilateral figure that is in the circle is

[then] bigger than the triangle.

Let the centre be n and we draw from there to

one of the sides a perpendicular line, let it bens.

Then it is less than the line n x which is equal to

one of the sides of the triangle e [i.e. the radius].

The perimeter of the equilateral figure is less
than the perimeter of the circle [which] is equal
to the other side of the triangle e. So the
rectangle contained by n s times the perimeter of
the figure, I mean, twice the magnitude of the

figure is less than twice the triangle. So the figure
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which is absurd.

Let the circle be, if possible, less than the triangle

E, and let the square be circumscribed,
and let the arcs be divided into equal parts, and

through the points let the tangents be drawn; the
angle OAP is therefore right.

Therefore OP is greater than MP; for PM is equal
to PA;

and the triangle P O [ greater than half the
figure OZAM.

Let the spaces left between the circle and the

“CHLCh3 T

43H:|= hFr s
44H:F ns

SH:A XT
“H:n LLF H ) IOF
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is less than the triangle and it is greater than it.

This is a contradiction.

© -
A tso2AG0N

o Ism 57 dvl#
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Then let the circle be smaller than the triangle =)
and we draw around it a square o g. [The circle] L
separates from the square more than half of it.
We bisect the arcb a at f and draw z f T, tangent
to the circle at f. The radius n f is perpendicular

to it [i.e. the tangent line]. We do this likewise

S

with the other arcs.

Because g b and g a are equal to each other and 5

ISV

likewise T b, Tf, z f and z a, [all] four are equal to

‘ms cC

W 1

o B -

together longer than T z. So q T is longer than b b ﬂZA lﬁ 7T4ﬁTt_éd},‘]

T, U

Wwis 1 3 ¢ . 1) ISTéd
s [" WS 83T 1 D

o 1L

The four triangles at the angular points of the L oo L& ra A 47b :

each other. But T g and g z are equal. The two are

so triangle g £ T is bigger than triangle T fb
which is bigger than segment T fy b, which is
outside the circle and it is the same with the

others.



circumscribed polygon, such as the figure M Z ,A
be less than the excess by which E exceeds the
circle A B I Therefore the circumscribed
rectilineal figure is now less than E; which is
absurd; for it is greater, because NA is equal to

the perpendicular of the triangle, while the

perimeter is greater than the base of the triangle.

The circle is therefore equal to the triangle E.

square separate a bigger [part] than half of the
remainder of the square after subtraction of the
circle. We divide the arcs exactly so, repeatedly,
and we draw tangent lines to the circle until the
remaining segments outside the circle together
are smaller than the excess of the triangle e over
the circle. So the polygon that lies on the circle is
smaller than the triangle e.

But the rectangle contained by n f, the radius,
and the perimeter of the figure that
circumscribes the circle, I mean, twice the
magnitude of the figure is greater than twice the
triangle, because of the fact that the perimeter of
the figure is greater than the perimeter of the
circle. The figure is bigger than the triangle but it
was smaller than it. That is a contradiction.

So the circle is equal to the triangle e, so the
rectangle contained by the radius and half of the
perimeter [of the circle] is equal to the surface of

the circle and that it what we wanted.
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The circumference of any circle is greater than
three times the diameter and exceeds it by a
quantity less than the seventh part of the
diameter but greater than the seventy-first parts.
Let there be a circle with diameter A Tand centre
E,andlet” Al atangent

and the angle ZET one-third of a right angle.

Then the ratio E Fo " Zs greater than the ratio
265 to 153 and the ratio EZ to Z [is equal the ratio
306 to 153.

H:F TMF B
52H:|= BFr e
“H:Fy 3 YIOF
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[In addition] it has been demonstrated with this
[proof] that the rectangle contained by the radius
and half of a part of the perimeter is equal to the
circular sector that is contained by that part and
the two lines issuing from the centre to the two
endpoints of that part.

2) The perimeter of the circle is longer than three
times its diameter by [a magnitude] less than
one-seventh of the diameter and more than 22 of
the diameter.

So let a g be the diameter of the circle and e its
centre and d z a tangent to the circle. The angle z
e g is a third of a right angle. I mean, half of an
angle [i.e. of one of the angles] of an equilateral
triangle.

So the ratio e z to z g is the ratio 2:1 and let this
be as the ratio 306:153. If we subtract the square
of the number that is opposite to z g from the

square of the number that is oppositetoe z,and —

we take the root of what is left, e g is in this

magnitude more than 265 and the difference is
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Now let the angle Z EUe bisected by EH. It
follows that the ratio ZE to E [is equal to the ratio
ZHtoHT

so that the ratio ZE+E Fo Z [is equal to the ratio
EfoHTI

Therefore the ratio ' Eo " Hs greater than the
ratio 571 to 153,

hence the ratio EH? to H Fis greater than the
ratio 349450 to 23409,

so that the ratio EH to HI is greater than the ratio
5913 to 153,

Again, let the angle H E be bisected by E €hen

by the same reasoning

The ratio E o ' @ greater than the ratio 11627
to 153,
so that the ratio © Eo O [is greater than the ratio

YHF33b pFMFM
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some fraction [i.e. is less than one].

We bisect the angle z e g ath by a line e h, then
theratiozetoegisastheratiozhtohg.

And compenendad seperanddie ratio z e and e
g combined to z g is as the ratio e g to gh. If we
add up the numbers that belong to ze[and] e g,
[then] that is more than 571. So we make it
opposite to e g and what is opposite at gh

becomes in this measure 153.

If we add their squares and we take the root of
that, [then] e h in this measure is greater than

1
5912,

And again we bisect the angle h e g at T by a line
e T. As has been done before; the ratio h e [plus] e
g toh g is as the ratio e g to g T. If we add up the
numbers [that belong to] h e and e g and we place
the two opposite to e g, [then] e g is more than
1162; and T g is in this measure 153. As has been

explained before e T is in this measure more than
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1172; to 153.
Again, let © EHe bisected by EK. Then the ratio
E ol Ks greater than the ratio 2334% to 153,

so that the ratio EK to I Ks greater than the ratio
2339% to 153.

Again, let the angle K EHe bisected by A EThen
the ratio E o A [is greater than the ratio 4673%
to 153.

Now since the angle Z E Which is the third part
of aright angle, has been bisected four times, the
angle A\EiF
be placed at E equal to it. The angle A E M
therefore . of a right angle. And A Ms therefore
the side of a polygon escribed to the circle and

having ninety-six sides.

®H:addsB> n HOF
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5 of aright angle. Let the angle" E M

1172,

We bisect also the angle T e g at k by the line e k.
The ratio T e [plus] e g to T g is as the ratio e g to
g k. This change makes [the number that] is
opposite to e g more than 2334 and [the number]
that is opposite to gk [becomes] 153. e k is in this
measure more than 2339%.

We bisect also the angle k e g at 1 by the line e l.
By the above-mentioned analogy, [the number]
that is opposite to e g becomes more than 4673%,

gl is in this measure 153.

Because of the angle z e g being a third of a right
[angle], the angle L e g is .- of a right [angle]. We
construct on the point e of the line ge the angle g
em equal to the angle g e 1, then the anglele m is
~-of aright [angle], and the side Lm is a side of a
regular figure consisting of 96 sides which

circumscribe the circle.
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Since the ratio E o ' Avas proved to be greater
the ratio 4673% to 153 and A [is equal to 2E [A M
is equal to 2I" /the ratio of A Tto the perimeter of
the 96-sided polygon is greater than the ratio
4673% to 14688. And the ratio is greater than 3,

being in excess by 667%, which is less than the
seventh part of 4673%; so that the escribed
polygon is greater than three times the diameter

by less than the seventh part;

a fortioritherefore the circumference of the circle

is less than 3% times the diameter.

Let there be a circle with diameter A land the
angle B A dne-third of a right angle.

Then the ratio AB to B [is less than the ratio 1351
to 780.

*HyLUUbb
HiomlIOF T
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Now if we multiply the number that is opposite to s~ ~ . A_ N” RIE-Ya
A~ S I LWLGEE 1
PP $ B8 1A LLIEX N
pLSeZ wsit Lo
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1 m 96 times, the product of this number reaches NW
14688. The diameter is in this measure 4673%, so <
that [number] which is opposite to the perimeter S
of the figure is more than 3 times that [number]
which is opposite to the diameter with [an excess
of] 667%, to which the ratio to the number of the
diameter is less than 2. So the perimeter of the
[above-]mentioned figure is longer than 3 times
the diameter of the circle by less than  times the
diameter.

And the difference between the circumference of noc

T L [ 35
x M3 Geé _

the circle and 3% times the diameter is greater " w

than that difference. Necessarily.

We repeat the circle. Its diameter is a g and we
draw on it the angle gab, a third of a right
[angle]. Let the ratio a g to gb, which is 2:1, be as

CF"T NLE ¥ @FATAD
d L .o 7
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the ratio 1560:780. Then a b is in this measure less

(A —

than 1351.



Let B Alhe bisected by AH. Now since the angle
BAH is equal to the angle H I' 81d the angle BAH

is equal to the angle H A,Fherefore the angle HT | b z, the angleshag,h gz andb a z are equal and

is equal to the angle H A.[And the right angle

A H s common. Therefore the third angle H Z 1s
equal to the third angle AT .H

The triangle A H s therefore equiangular with
the triangle ' H;Zherefore the ratio AH to H lis
equal to the ratio ' Ho HZ which is equal to the
ratio A Ito ' ZBut the ratio A lto ' Zs equal to
the ratio ' AAB to B Therefore the ratio BA+A I’
to B [is equal to the ratio AH to H [ Therefore the
ratio AH to H [is less than the ratio 2911 to 780.
Hence the ratio A Fto I His equal to the ratio
AH*H Fto " Hwhich is less than the ratio
2911%780° to 7807, so that the ratio A oI Hs

58H:QJTF'MC
YH:E_ W F
MwT MF I 98

We bisect the angle b a g by the line a h and we

connect gh. So in the triangles ah g,gh zanda

f“esr Lsu_sLﬁEb &,

the two angles [in] h [and] b are right. ! - .— é%cb N LS % _E

[Then] the triangles are similar and because of

that the raticah toh g is as the ratiohgtoh z

and as the ratioa gtogz and as theratioabtob
z. Indeed, [it] is as the ratio of ga andab —

combined to g b. The ratio of ga andab
combined to gb is as the ratio ofa h toh g and

i EiSIELN U;f_HFE
LLLEREST A\ FES 1A WEYRE T d
SLSF_ GR@YRISE

the number of a g and ab combined is less than
2911 and the number of g b is 780.
So if we add up the two [numbers] which are

opposite to ah and e g, then a g is in this measure



less than the ratio 3013% to 780.
Let the angle " A bk bisected by A ©

By the same reasoning the ratio A @o © [is less
than the ratio 5924% to 780,

so that is less than the ratio % times 5924% to -~
times 780, so that is less than the ratio 1823 to
240.

Therefore the ratio A [to ' @ less than the ratio
18382 to 240.

Further, let the angle © A be bisected by KA.
Then the ratio AK to K [is less than the ratio %
times 3661 to ;- times 240, so that is less than
the ratio 1007 to 66. Therefore the ratio A To K I’
is less than the ratio 1009: to 66.

Further, let the angle K A be bisected by A A
Then the ratio A /o A [is less than the ratio
20163 to 66.

Therefore the ratio A to " As less than the ratio

25

less than 3013%.

We bisect the angle h a g by the linea T and we
connect T g. According to the above-mentioned
analogy is [the number] which is opposite toa T
less than 5924 and [the number] opposite to T g is
780. That is in the ratio 1823:240, because the
ratio of each of the first numbers [i.e. 5924 and
780] to the corresponding numbers [i.e. 1823 and
240] is the ratio of 3%4:1. a g is in this measure less
than 18382, corresponding to the one [i.e. after
division by 3%].

We bisect the angle T a g by the line ak, then [the
number] which is opposite to a k is less than
3661-> and [the number] opposite to k g is 240,
that is in the ratio of 1007:66. That is because the
ratio of each of the two [i.e. 366119—l and 240] to the
corresponding of the two [i.e. 1007 and 66] is the
ratio 40:11.

We bisect the angle 1a g by the line al, then [the
number] which is opposite to al is greater than
2016; and [the number] opposite to 1g is 66 and a
g is in this measure 2017%.

So the ratio a g to g1is less than the ratio
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2017%to 66

and invertendohe perimeter of the polygon bears
to the diameter a ratio greater than the ratio

6336 to 2017%, which is greater than 322,

Therefore the perimeter of the 96-sided polygon
is greater than 322 times the diameter, so that a
fortiorithe circle is greater than 322 times the
diameter.

The perimeter of the circle is therefore more
than three times the diameter, exceeding by a

. 1 10
quantity less than - part but greater than - parts.
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2017%:66. If we multiply 66 by 96, then all the
sides of the polygon of 96 sides inscribed in the
circle is 6336. That is more than 3 times 2017%

with a remainder of 22 of one [i.e. 2> of 2017%].

So the perimeter of the [above-]mentioned
regular figure that is inscribed the circle is
greater than 3 times its diameter with a
remainder of % [times its diameter]. The
perimeter of the circle is greater than that so the
perimeter of the circle is greater than 3 times its
diameter by less than% [times its diameter] and
more than 22 [times its diameter] and that is what

we wanted.

[ say that there is another method of the
astronomers and that is that they obtain a chord

of a small arc which is an integer part of the
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perimeter with the fundamental principles that
have been explained in the AlImagesind other
books of them containing demonstrations.

They make it one side of a figure inscribed in the
circle. Its ratio to the perpendicular [line] from
the centre of the circle to it [i.e. the created side]
is as the ratio of the side of the similar figure that
is circumscribed around the circle to half of the
diameter.

So they also deduce this side. Then they obtain,
by the computation of these two [quantities] the
two quantities, such that the perimeter is greater
than one of them and less than the other. So the
perimeter is obtained with a close
approximation.

The example of that is: let the circle be ab, its

1

0 part of the perimeter. We

centre isgandab is
connect the chord a b; then its measure,

according to a calculation of AbGlal-Wa f a a |
BOzjanil accor gnentignedt o
principles with a very close approximation, is 0;

31, 24,55, 54, 55. That is a chord of half a degree,
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?H: omitted

"*H: omitted
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if the diameter is made 120 parts.

And if we make it [i.e. the chord] as a side of a
regular figure that has 720 sides inside the circle,
then the perimeter of that figure is according to
his calculation 376; 59, 10, 59. If we bisect the
chord of half a degree [then] the measure of ad is
0; 15, 42, 27,57, 27 and the square of it is 0; 4, 6,
44,2,4,57, 25,18, 30, 9.

The square of the radius, that is the linea g, is
3600 parts. We subtract the square of ad of it [so
that] the square of d g remains, which is 3599; 55,
53,15,57, 55, 2,34, 41, 29, 51.
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"H: omitted

80 H: omitted

8 H: omitted

2 H:n pFCUs
81, n nun

8 H: omitted

8 T: omitted
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The square root of it is the line d g, which is 59;
59,57, 56, 37,56,51.

We multiply a d with g h, the radius, and we
divide it by d g. The measure of h e remains and is
0; 15,42, 28, 29, 45.

We double it and it becomes 0; 31, 24, 56, 59, 31.
which is the measure of e z, which is a side of a
figure that has 720 sides circumscribed around a

circle (that is equal to the circle before).

The perimeter of the figure is after calculation
376:16, 59, 23, 54, 12. So if we make the diameter
120, the perimeter [i.e. of the circle] is 376 parts
and a fraction that is greater than 0; 59, 10, 59, 0
and less than 0; 59, 23, 54, 12, and if we change
the two to the measure that Archimedes
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The circle bears to the square on the diameter

the ratio 11 to 14.

Let there be a circle with diameter AB, and let the
square ' Hbe circumscribed, and let A Be equal
to two times ' AEZ equal to 2 times " AThen,
since the ratio A I tB A I iAthe ratio 21 to 7,
while the ratio A " #h AEZ is the ratio 7 to 1, it

%Pgm
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%0T: possibly C x
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mentioned, the perimeter is greater than 3 times

the diameter plus something that is greater than

10

33415 and less than 0 whichis

70,37 47,37

10
70;38,14 29"

approximately

3) If the perimeter of the circle is 3 times the
diameter, and this is an approximate ratio used
by the surveyors then the ratio of the surface

area of the circle to the square of its diameter is

[the] ratio 11 to 14 according to this computation.

So let the diameter of the circle be ab and draw
around it the square g h. Let g d be half of d e and
h z one-seventh of g d. Because the ratio of the
triangle a g e to the triangle a g d is the ratio of 21
to 7, and the ratio of the triangle a g d to the
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follows that the ratio A ' t8 A I" iAthe ratio 22 to  triangle a h z is the ratio of 7 to 1, the ratio of the L¢ I noo, o) N
7. triangle a g z to the triangleagd is the ratio of 22 -

to7. S_ LN sBig (E

"7 o090 Bl L

But the square I' Hs 4 times A I, &hile the The square of g h is 4 times the trianglea g d, and ¢ E. 1:T¢N_. I, TI t UJ_E[
triangle A T As&qual to the circle AB; the triangle a g z is equal to the surface area of N J-E 3 DZ% |

the circle so a g is equal to half of the diameter

and g z is approximately equal to the [i.e. the (I) YoX | i N ']: A ~

circle’”s] perimeter. - ’ o

So the ratio of the square of the diameter to the " .0 D ZA\ L S
therefore the circle bears to the square I' Hhe surface area of the circle is [as] the ratio of 28 to . ren ) - ’
ratio 11 to 14. 22, that is, as the ratio of 14 to 11 and that is what .~ 0 . ul IS

we wanted. 3 é @) CES |_ é Tt \

This is the completion of the account on the 'I. ~ ~ | N D ZA\

measurement of the circle. Let us finish the . ’ ’

1 AN Is -

treatise by praising God, the most exalted; the ’ —

good result is because of Him.
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Figure 1: al-TO B frst proposition.
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Figure2:al-TUB s second proposition, circumscription.
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Figure3:al-TUB s second proposition, inscription.

Figure4:al-TUB s second proposit i ®tropomeasnot her proof from
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Figure5:al-TuB8 s t hird proposition.
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Chapter 3

The argument of the first proposition

In the first proposition, it is proved that the surface area of a circle is equal to the surface area of a
right triangle of which one of the two right-angled sides is equal to the radius and the other the

perimeter. Using modern formulas it is easy to see that this is correct: the surface of a triangle is
% x "Ox 0 with h = height and w = width. In a right triangle the two right-angled sides are the height

and the width and in this special case they arei (the radius) and 2“1 (the perimeter) so the surface

area becomes % x 1 x 2“1 = “i2 and as we know that is exactly the surfaceof acircle. Ar c hi mede s

reasoning is actually a proof for these formulas.

His proof consists of investigating what happens if the circle would be either greater or less than the
triangle. In both cases a regular polygon can be constructed such that its surface area is both bigger
and smaller, resulting in a contradiction (and so, via reductio ad absurdurome to the conclusion
that the surface area of the circle must be equal to the surface area of the triangle). A brief
elaboration on the hypothesis if the circle were bigger should suffice to understand the process, a
similar process could be constructed for the hypothesis that the circle is smaller than the triangle.
First assume the circle to be greater than the triangle. An inscribed regular polygon is constructed
by repeatedly bisecting the chords and connecting the points. See figure 1 (and figure 6); if you draw
a square inside the circle and outside the circle, the points at which the inside-square touches the
circle can be connected with the points at which the outside-square touches the circle, and a regular
octagon is constructed. This process can be repeated of course to get a regular 16-sided polygon, 32-
sided polygon etc. The trick s, if you repeat this process the figure can come indefinitely close to
the circle, making sure that it leaves not even a enough room for the circle to be equal to the
(supposed) excess of the circle over the triangle (i.e. the regular polygon can be made such that it is
bigger than the triangle). That this is the process that should be followed is not explicitly stated by
Archimedes who merely states the construction of the inscribed square and the bisection of the arcs
(p. 16-17). That this process, if repeated, can separate any small amount you like between the circle
and the regular polygonise x p |1 i ci t | y pHementIt2. Al-TasT states this prabf saying
that ‘the resulting triangles separate more thar
proved before (it seems he is referringtoEuc | i d’ s proof but it could of
this himself in another text). Al-T0sT also states that this should be repeated until the result is that
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segments between the circle and the regular polygon are smaller than the excess of the circle over
the triangle. Only with the additions of al-TusT does the proof become entirely clear and

unambiguous.

So now we know that the polygon is greater than the triangle.
What remains to be proven is that it is simultaneously less than
the triangle, arriving at a contradiction. In modern notation this
is done by comparing the formulas of the surface areas of the

regular polygon and the triangle. The surface area of the triangle

is of course% x 1 x nwithi for radius and 1) for perimeter (of the

circle). The surface area of the
Figure 6: Surface area of the

inscribed polygon regular polygon is obtained by

adding all the surface areas of the

triangles that are made (i.e. multiplying the surface area of one triangle by &, for an & -sided

polygon). So this becomes € x % x| xT with| the width of aside and! the height of a triangle
(see Figure 6). From the figure you immediately see thatf < i and& x| <. So% XT xgx| <

% x 1 x N, so the surface area of the polygon is less than the surface area of the triangle. Here it is

again interesting to compare Archimedes and al-TusT. Archimedes merely states that the altitude

(N Xis less than the side of the triangle (meaning, the side of E which is equal to the radius of the
circle). He adds that the perimeter of the regular polygon is less than the triangle E (meaning, less
than the side of E which is equal to the perimeter of the circle). From this he concludes without
further ado that this is absurd (p. 17-18). This is of course not enough to be called a complete proof
and al-TusT felt probably likewise uncomfortable with it as he tried to fill in the gaps. He makes the
step from unequal sides to unequal surface areas. He first states that the rectangle contained by n s
[the altitude] times the perimeter of the figure is twice the surface area of the regular polygon
(which can easily seen to be correct using modern notation) and then states that this is smaller than
twice the surface area of the triangle (i.e. the rectangle contained by the radius and the perimeter of
the circle). From this he then concludes that the surface area of the regular polygon is smaller than
thetriangle. Th e pol y gon andlassattthe damre tirger sewa haee to drop the
assumption that the circle is bigger than the triangle. The proof works likewise if the circle were to

be imagined to be less than the triangle. Now the polygon is circumscribed instead of inscribed.

Already in the first paragraph (p.16)al-Td s T makes an el aboration, where
that acircle is equal to arectangle(sp )wi t h si des equal to half of the
its perimeter. This seems a comment to make the proposition more precise and he uses language

like this frequently (although not always). A bigger taskal-TU s 1T undert akes is the ¢
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some of the more vague statements Archilmedes malk
the segments be less than the excess by whicht he circl e e x,wkileai®i stihe rti reisan (
describe the process that one has to do in order to get segments that are indeed less than the excess

(a process deBlanensl.e).de doenthekamenwhdn ArthBnedes merely states

t h ahe petimeter of the rectilinear figure [i.e. the inscribed regular polygon] is therefore less than

the triangleE; whi ch i s -f@ibssiursdh.o'wsHetrheatalt haeeaoftheor e al so t
regular polygon is smaller. In the second case, where the circle is smaller than the triangle, again al-

TosT el aborates on the statements Archimedes mak

Additionally, al-TQsT states that this also provest hat t he surface of ale sector
contained by the radius and half of a part of ¢t
because he defines the surface as a rectangle. First he noted that the surface of a circle is equal to a
rectangle contained by the radius and half of the perimeter, then he probably figured that the ratio

of the circle to the sector is equal to the ratio of the perimeter to the segment of the perimeter than

X . . 1Ty i o 1,. .
defines the sector. In modern notation this amounts to @ { Q&I = zl—l x“j2= Sit, with

@ i Q@E1 = the surface area of the sector, i =the amount of degrees that defines the sector andi =

the radius of the circle.. Thisiswhatal-TU s T st at es.

The argument of the second proposition
Al-TasT second proposition i s ATucshi nmeadkeess’ itthitrhde psreocp
because the third (or, Archimedes’ slefdlovnd) pr opoc

Archi medes reasoning cl os edoywhpthedat figsisigh)s no addi t
strange numerical ratios are used. In the ratio of e z, z g and e g he does however explain the
Pythagorean theorem and even states that e g is 265 and a fraction, following Eutocius. Besides that

he does not give the full explanation of Eutocius but tends to be more concise.

This proposition gives a lower and upper bound for Ttwith a rather sophisticated proof. Before
Archimedes, approximati ons o fHem Archénedesdoasndt i n a si
give a single rational fraction for 1, but rat he
first proposition, if you understand one of the approaches, you also understand the other one as it

only diff erfguselkheugertbduyd.A regutartpdlygon is constructed

circumscribing the circle. The difference with the first proposition is that already at the beginning

valuable information on the size of the constructed side of

the regular polygon is taken into account. Because the

angle is known (30°) the sides can be calculated. As was

said before, we do not know exactly how Archimedes

153 a came up with such handy approximations of 13, and

tan(A,)

36
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|l i kewi se we don’t know exactly how he made al |l t

mathematics it is rather easy to follow. You first start by constructing a triangle with 04 = 30°.
Then another triangle is formed with 04,1 = O?é. This can be repeated as many times as desired. In

the table below all the numbers are given, with the numbers between brackets not given by

Archimedes (noral-Ta s T ) . The numbers are wablakbealeigard to F
noteworthy to see that the numbers of ab and a c come closer and closer to each other. In fact, they

can come indefinitely close to each other as in reality only points a and ¢ are static (they correspond

with points e and g respectively). Point b moves closer and closer to ¢ (see Figure 2).

start first bisection | second | third | fourth |
ez 306
eg 265
Zg 153
eh 591
eg (5713)
hg 153
eT 11722
eg (11622)
Tg 153
ek 2339%
eg (2334%)
kg 153
el (46732)
eg 4673Y%
lg 153

If we formalize the procedure we can come up with the following inequality:
[; =6x28 xsind; < “ < "Y=6x2xtand;

Where i; is the perimeter of the inscribed polygon divided by the diameter of the circle, “Y is the

perimeter of the circumscribed polygon divided by the diameter of the circle and 0 is the angle

needed to make one side of the polygon. 0; is then defined as 0 =30,0; = 0-52 L, This inequality

defines a smaller interval as n increases because the sine and tangent look more and more a like
when the angle approaches zero, thus it shows t

small approximation with this method.

Inal-Ta s T ' sftertthe bhitd interaection the numbers go wrong. Instead of 2339% it reads 2339,
off by 2 (thumn). This is then continued through the next numbers. This is not a recalculation by al-

TisT because in the concl uwlicaomythrehediamdten Magbe t o t he

this erroneous thumnwas added only afteral-Td s 17  but it might as well be |
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TasT, from t-hies Tc omankeenst si tali s obvi oll®uldbethatdied not |
scribe was so used to write a% after a number (as with most of the numbers before) that he just

erroneously continued with it. Another mismatch with the numbers happens when he described the

inscribing of the circle. After the second intersection he states the value 5924 where Archimedes

states 5924%. His explanation on why the ratio 5924(%):780 is equal to 1823:240 is a different

approach than Archimedes but is rather obscurely written.

The addition to the second proposition
After the recension of -Frsc hbienge dnes$ 1b ys bsitfad ifnihgo p o s i

introduce a longer remark, one that is more distant from the original text. Like I said before, Knorr

has some mistranslations and the most obvious one is in the first line of the addition to the second

proposition , right after “1I say’” . Her e, Knorr transl a
anot her %Hritrhotd, a.f” al | the “and’ i s outwaof pl ace
which is in this place rather an intensification of the prefix li- followingit®> Then he transl at e
two results’ adding i nmanjanamihat is) thetveo bourdsijuste r al |y @ ¢
compu’tTeod .r"ead this as a duali & edfch'eddourdea’ anae ms
confident that it actually reads| r k ~ g, befng the kehitive of the plural of munajjimwhich

means astronomer/astrologer. For one, it suits the sentence better, as it does not need to introduce

the ‘<there is>" Knor r ad-tetshedidSa¢hatalifidd 1y , wo u | dl olese 1

‘“source’ (as in; origin) to refer to the comput e
‘“they’ and dusistaeedtwuhitdeot lairhthpgroond frinciplss bac k e d
that have been clarified in the AlImagesind other certifying books of them. ” Agai n t he ‘the

which can only refer back to the astronomers/astrologer in my opinion, this is also backed by the

reference to the AlImagedtiterally: The Great Book), which is of course the book of Ptolemy on

astronomy. This would also be a valuable addition in the light of the knowledge level of the reader.

As this is a ‘“middle book’ Almagbstfore lugad amyonewo ul d not
wanted to become an astronomer in that time, would be eager to do so. Saying that this addition

relies on astronomers and the Almagestould certainly raise interest among readers.

And interesting it is indeed. The basic idea is to define a chord that is %th part of a equilateral

figure that is inscribed in the circle. All calculations are now done in the sexagesimal system. The

whole calculation is based on a number from a trigonometric table of which the chord of % is taken.

Al-TO B ds thiknumber from A b G-Wadlal-BGzj ani, who created a table

numbers. From this number, the rest of the construction is calculated via some simple geometrical

92
Knorr, p. 581
®people familiar withtheQu @'n s hou | d frenchiglgnurhberel suwdyforexample Q ua no3:1,
‘walrpofrAeani ng; “by the declining day!"”
%
Knorr, p. 584
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constructions. First the inscribed polygon is properly described, then from the numbers of the

inscribed polygon, the size of thEemenst3gr chord

From this number a circumscribed polygon can be constructed and so an upper and lower bound
can be established for the circumference of the circle. The conclusion of the proof is similar to the
proof of Archimedes, the inner- and outer polygon are compared to the diameter of the circle and in

addition the mean of the two values is wused

Unfortunately, al-TO B s aliready not entirely correct by assuming the chord of %° to be 0; 31, 24, 55,

54, 55. The correct sexagesi mal number is O0;
(by approximately 0,0000046), as Luckey shows the value al-T0 8 s fis prébablg mistakenly

swapped with the value of Sin(1/ 2°), which is close to 0; 31, 24, 55, 54, 0.” This last value is only %

( 7x 10 8)off from the value al-TO B s tSaaltheugh the error is still very small, it could have
been better and this would have definitely i
this mistake, the numbers are also hard to read sometime and can only be confirmed when we

calculate what the numbers should be. For example, the square of d g (the square of the apothem) is

3599; 55, 53, 15, 57, 55, 2, 34, 41, 29, 51. However, if we would follow all the possibilities from the

footnotes we could also obtain the value 3599; 55, 23, 55, 57, 55, 2, 36, 41, deviating by more than

0,0083. We know the first number is correct as it should add up to 3600 if we add the square of ad

(using the Pythagorean theorem, see figure 4, p. 33), so it shows we cannot trust our perception of

as

31,

mpr

the text alone.” For the apothem of the inscribed polygon,al-Td s gi ves 59; 59, 57,

which is again really close to the true value of (60 x cos% =) 59; 59, 57, 56, 37,

approximately 0,000000014. Nowal-Tu B8 st at es t hat neapslyginktendswothe e o f

t

apothem, the side of the outer-polygon stands to the radius. Foral-Tu® t hi s b@3iil2 down

56,59,31. In reality it is (120 x tan? =) 0; 31, 24, 58, 3,.. From these

computed and al-Ta B &g 376459, 10, 59. If you would multiplyal-T 8 s cal cul ated si de

would get 376; 59, 10, 58, 59 while the actual

approximately 0,0036.”

A bigger mistake is made in the computation of the perimeter of the outer-polygon, for which al-

Tas gi vie,s9,2854,62. A first correction on this number is to neglect the 16 which both

Luckey and Knorr do. Actually, just a few lines below this value,al-T 8 st at es it again

*Luckey, P., Der Lehrbrief iber den KreisumfaiRigar ‘Mufpj v * & s | k ‘©a-HGibersetzttnd J » p

erlautertHerausgegeben von Alfred Siggel,Akademie Verlag, Berlin, 1953. Reprinted in: Sezgin, F., AFKg pe Qb uqgp

and Studieslamic Mathematics and Astronomy, vol. 56, Institute for the History of Arabic-Islamic Science,
Frankfurt am Main, 1998, pp. 227-329

B For example, Knorr gives the erroneous value of 3599; 55, 23, 55, 57, 55, 2, 34, 41. He even gives another
erroneous value in a footnote: 3599; 55, 13, 55, 57, 55, 2, 34, 41, 29, 51. He probably did not check his numbers.
See Knorr, W.R., p. 582 and p. 584 note 10

9 See also Knorr, W.R., p. 593
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as 376; 59, 23, 54, 12, correcting his earlier mistake. Both Luckey and Knorr do not comment on their
emendation although it is quite a big one and [ want to elaborate on it as it is also a good
opportunity to zoom in on the sexagesimal numbers. As has been shown above, some numbers are
ambiguous as they look very similar to other numbers. Examples of this are the nc Ka) and the yg

(p) as they would look the same at the beginning of a word (something like Z where you would add

a dot above or two dots below to decide whether it is an nc lora v }jAs ygmeans ten and k Crkeans
fifty, this is quite a difference. A far less serious ambiguity is the difference betweenat dm and a
zayn(© which represent six and seven respectively. There are more cases where there is ambiguity

but these two examples should suffice to prove the point. Another issue is that sometimes it is even

not clear which letters belong to a number and which do not. For this, there is an indicator at the

end of the number. This is a word that indicates what the power of sixty is for the last number, so it
also indicates how many fractions are to be expected. Forexamplergia( * f our t h’ ) i s
there should be four fractions. As these words are very distinct, it is virtually impossible to regard
these words as erroneous. This takes us back to the problem of the number 376; 16, 59, 23, 54, 12. In
both the Hyderabad edition as the Tehran facsimile edition it clearly statesh e g j(f' N f t h ',
indicating five fractions) and also Luckey and Knorr confirm this (Luckey even states that also

Woepcke has read this).” Simply deleting the g and stating rg ‘afalthough it is correct and is even
used this way by al-T0 & aple of dines later, does not render the text as it was once written by al-

TU Bin my opinion. Instead of a scribal error (or whatever assumption Luckey and Knorr made in

silence) it can actually be shown to be a small mistake by al-Td 5 h i ms e | fothecalcdlationf

used

we

of the circumference ourselves it is easily shown. After some calculational-Tu 8 get s 0; 31, 2:

31 for one side of a 720-sided polygon that circumscribes the circle. The perimeter of the polygon is
then calculated by multiplying this side by 720. So we get 720 x 0;31,24,56,59,31 = 12 x
31;24,56,59,31 (we divide 720 by 60 so we can move the ; one place). We repeat this and obtain:

12 x 31,24,56,59,31 = éx 31,24;56,59,31 = 6,16; 59,23,54,12 = 360+ 16;59,23,54,12.

Here we see what has happened. While 360+16 is of course 376 and this would give us the (correct)
number 376; 59, 23, 54, 12, al-Tu Baccidentally copied the 16 from his scrap paper in the number in
his manuscript. The khg j fcgm®nly be explained as a quick and confused count of the number of
fractionsonthesideofal-Td s T .-TuAss uasled t he correct number
argued thatal-TU B8 Wwats nev en ¢ 0 n $his ermuls rhyppinbmhawewer, itaddoes not
make it legit to emendate the text in this way as it is as it is in all manuscripts that have been

studied so far.

%8 Luckey, P., p. 278
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One point on the difficulty of these sexagesimal numbers needs to be made before we can move on.

This is the number 0; 31, 24, 56, 59, 31 for h z, a side of a 720-sided circumscribing polygon. Knorr

thinks it actually reads 0; 31, 24, 57, 59, 31 and elaborates in a footnote that this value, if multiplied

by 720 gives a different value (namely,376 ; 59, 35 ;Ta® 4 g Hetlgrsetterhgeesiso far |

as to say that if one would calculate backwards, 376; 59, 23, 54, 12 (the number al-T0 8 gi ves f or t
perimeter of the circumscribing polygon) would imply a starting value of 0; 31, 24, 5659, 31. Now as

| " ve noted before, the difference between six arl
that one of the two works better than the other, you can assume that that is the value implied by the

author. Here Knorr recalculates the value to 56 instead of 57 but insists that this is due to a scribal

error by the computist and even goes so far as reprimanding Luckey and Woepcke for simply

transmitting the values and not checking them.” It is actually really simple to check whether it

should be 56 or 57 and that is to reexamine the computation where the number of h z is based on.

AT c omput e sof Hzbyaloullingmhb rimber of h e (page 29). The number of h e is 0;

15, 42, 28, 29, 45. We can double each individual number and then readjusting the values to the

sexagesimal system. Doing this, we get 0; 30, 84, 56, 58, 90. Readjusting gives 0; 31, 24, 56 59, 30. This

gives us a second clue that the value should read 56. First it was noted that when Knorr calculated h

z from the value of the perimeter (calculating backwards) it gave the number 56. Then we saw that if

we calculate h z from h e (calculating forward) it also gave the number 56.1 think it is safe to say

that, bearing the ambiguity of the reading of the numbers six and seven in mind, the text really

reads 56. On a side note, it is peculiar and should be noted as a scribal error that the manuscripts

read 31 as the last number while our computation gave 30. Because the two numbers only differ by

approximately 1 x 10 ° this is in no way an issue.

At last, al-TUsT makes from these numbers an approximation that looks very similar to the

approximation of Archimedes. This is in an unusual form of 3+ % 3,141553196379305, and 3+

10 o H 10 H
e 3,141583110236151.A-TaB  gi ves as 3+3.%mj ddaisesiswardoasdl

10

these numbers are of the form 4o

with x a fraction. The fraction of the last number is actually

the middle value of the other two fractions (so this makes the final approximate not the exact

middle valueof al-TasT s upper and | ower b-Jlsistae}isjustThi s | ast v
approximately 2,45x 10 ®(0,0000245) mor e t han t he actthaathefistal ue of
four decimalsal-TUB g i v e s HRoweeer, with the cenbihation of a couple of scribal (and

possibly calculation) errors and the fact that his results rely on a wrong value of the chord of %°, we

can assume that al-TUsT was capableofe ven mor e accurate approximatior

9 Knorr, W.R., pp. 593-594, note 57
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The argument of the third proposition
Hereal-TusT returns to the ori gi nal buttwéhoheinpdrtanAr ¢c hi me d

change. Ar chi medes opens his propo%amdmérlcnheph)poﬁtism ating
out from this value. AI-TU sT however , ifmeried ye%@mﬂiéfcd]m/ﬁng dhat

proposition holds true. This is importantasmt i s actual |y %(astw&s just cenalidédy e qu al
inal-TusT's second propoelsbsi i 6 mffoicommanly Bed by survéyorsi s (as a
Healsoel aborates it a little bit more to make it m

(that the ratio circle:square is 11:14), but also states the ratio 22:28, which is the ratio actually

obtained from the proof.
He finishes the text in a formal but simple way.
of the book and this is another indicationthatal-T s 1T di d not hi mself compil e

but that someone else put them all together.

The use of numbers
Throughout the treatise a somewhat consistent writing system for numbers is used. All numbers

less than 100 are written in words, this even extents to fractions. Fraction take the morpheme ful

and complexer fractions take the form ‘x parts
100 and 1000 because they have a proper name. There are two exceptions to this rule. First, in the

second proposition, whenal-Tu s T di v i d e s fiduie inseribed it the ciecle, e @rtaima  a

ratio is simplified by multiplying it by %. Then 240 becomes 66, and although 66 is less than 100, al-

TasT still writ e &lookstikeitindone thiswayets remaity cohlerent wath the

other ratios and it is a lot more readable and understandable this way. The other exception happens

just after that. It is near the end of the second proposition but before the astronomical intermezzo,

just before the final conclusion. Al-Ta s T want s to say 201174l"q><a31i—(1). WhiBEBe6 i s mor
just wrote 2017 in number symbols and % with a word a couple of lines before, this time he writes

2017% completely in words (using the dualis of 1000, alfayr).

The sexagesimal system with its letter combinations for representing numbers is something
completely different and has already been discussed above. A note may be added for the observant
reader who may have noticed that here and there a hg (1) is used to indicate zero. It is consistently
used at the beginning of a number if that number is below one, with the exception of d g on page 29.

The numbers at the end are also without a hgbut they belong actually to 376 and 3 % respectively so

in theory they do not need a hg. With the numbers that belong to 376, it is also used at the end of a
number. This can be seen as a way to make the numbers more coherent and comparable (because

now they both consist of four fractions).

42



The use of language

The use of language is very consistent and pretty much according to the rules of Classical Arabic.
The most eye-catching of this is the consisting use of the construct state of a word before letters

used in the geometrical figures, to indicate it is in a genitive construction. In most cases this just

means the article is missing but for exampleinal-TU8 s second proposliwei on it

add up the numbers [that belongto]he andeg..."He r e n u mb eairglitate it referston
two numbers and because it is in construct state it is not “adadaymbut ‘adadaydropping the —n at the
end. This is also a good example of the consistent usage of singular, dual and plural form of words,

whenever there is a reference to two objects, the dual is used. Another good example of this usage of

dual

the dual that makes it actually very good to understand the sentence is againinal-Tu®8 s second

proposition. When the inner polygon is being defined, right at the beginning when all kinds of

equalities are established, al-TU 8 s taadtthe tsvo angles [in] h [and] b are right.” Hwgtf v~ qg

is used, clearly distinct from the singular w g t dnd/the plural w ~ t .grvthds way it is immediately
clear that two the angles ath and b are meant, not for example some angle that involved the line
fromhtob.

There are not a lot of peculiarities in the text but I will make mention of two. The first one is on

page 23. The translation reads “ Tthedrakclitarallgt er i s

reads “The diameter i s in t hKfseemsemanplatetyoutof wi ce 46

place and that is also why I did not included it in the translation (although both the Hyderabad

edition and the Tehran facsimile edition have it). The other peculiarity is on page 26. Al-TUsT

consistentlyusesfy( * i n’ ) t o define a pdgy'gom’ ) nserddofiinmge t &

circumscribing the circl e. the@olygou o sideswnbrgbede
in the circle is 6336 ...” @lg is used where fnjis expected. Again there is no reasonable explanation

and so we can only but neglect it and read it as if it indicates that the polygon is inscribing the

circle.
A smaller note is that in a couple of cases al-Tu 8 s Blameani ng “l1 mean’
nowadays widely used stopping phraseygdnp  whi ch transl ates into

think it is surprising to see such ordinary Arabic here in written form. Overall al-TUsT leaves a

convincing impression behind on the reader of his knowledge of Arabic grammar and vocabulary.
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Chapter 4

Concluding remarks
A whole array of topics have been discussed in this thesis so a short summary of some important

results this thesis puts forward seems in place. First, there was the question of what exactly this

term mutawasgj . By now, it is clear that the mutawasgit is a collective name for Arabic

translations of Greek mathematical treatises and Arabic mathematical treatises that are to be read

bet we en Elénmentd n d ' Bt AllhagesBhéresis no definitive list of books that are in this

collection and books that are not, rather, it is a more fluid notion that came to use from at least the

10" century C.E. Before al-TusT, at least al-NasawT can be named as someone who edited one or more

“mi dd| gutwemktlsat only after al-Tisic ame t he ‘mi ddl e books’' to
“mi dd| eithbachoréatise as aweparate chapter (it is important to note that there is even
among the manuscripts of al-TGsT" tyry akmutawasgit differences in contents, some of the fluidity

remained).

Another important question is why then did al-TGsT edit these texts and include valuable remarks in

it.Inal-TasT s own wor ds, this was to improve the corr.
them more understandable. This is true, but taking into account the editorial decisions that

improved the text significantly and the addition of valuable new material to the treatises we should

feel more inclined to conclude that al-TUsT really did his best to replace all other editions that were

around and to establish one good version, bundled together with other treatises that belong to the

“ mi dd| erorhthexdmpléting dates of the different treatises we can also see that this was a

long term project, and as there is no dedication to somebody (the one who ordered the edition) we

can deduce that al-TUsT did this in his own time. This shows that he enjoyed mathematics for its own

sake and felt the urge to enable other people to share the same passion.

In the edition of The measurement of the ciraleple of significant and original contributions of al-

TusT should be noted. First there is of course the rearrangement of the propositions. This is
significant in that al-Tsic hos e not to make an edition that wou
one that was logically correct. Secondly, at the end of the first proposition there is a generalization

that is completely original. Instead of staying with the surface area of a circle, al-TUsT shows that

this is only a special case and that the reasoning just as well proves the more general case of the
surfaceareaofasect or (a’' )pi dhneé rafl ypi eand most importantl

original additiontoal-TasT s s econd pr oTpsbuses ahumbenfrom dHegonemetrica |
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table to compute the circumference of a regular polygon that is inscribed in a circle and one that is
circumscribed, making two 720-sided polygons. From these two values al-TusT deduces an
appr oxi mat i immodesnfternts just Ob0@A245 dffsalthough it must be said that the

manuscripts contain scribal errors so it could have been originally an even closer approximation.
Fourthly,al-Tisis eemed t o sense the erro r3%(ohfsisdssbrtedins tat emer

Ar c hi rerdipeoposition and is needed to complete the proof of the proposition) and
corrected this into an if clause, remarking that this is an approximation regularly used by surveyors.
These are all valuabl e addi t i-Tusnhdsdnotjost wAntedth i med e s’

render the text as it is, but truly wanted to make it more understandable and more comprehensive.

Al-TasT s e d iThe measurement of the girokeed to be a very good study subject to dive into
the vast area of the History of Arabic Sciences. It enabled me to study a whole range of issues at the
same time, while remaining small enough to be handled in a bachelor thesis. Especially the concept
of mutawasgit was intriguing and deserves more attention in the future I think. I was also really
impressed at the richness of the material, and with that I especially mean the big efforts al-TasT and
the scribes after him made to complete and distribute this, in its own respect purely mathematical,
treatise. Much needs to be done to uncover this richness and therefore I want to conclude with

some final words on further research.

Notes on further research
This thesis also showed the severe understudied situation of this subject. Only a handful of scholars

have devoted time on this subject and of them Steinschneider proved to be one of the best sources,
while his study dates all the way from 1865. The more contemporary scholarship from Knorr (1989)
was shown to be incorrect on several occasions. The latest research on the topic is an article
published in 2000, in which Kheirandish reports on the various manuscripts that lie around in

Iranian libraries, ready to be read. Only her 3-page long account already reveals some interesting

points, for example, the inclusionofal-T8 s f amous essay on Euclid’s pa
Correctionon Opfigsn al-Ki ndhi t he ‘' mEvehehbreintdoestingktlse date of

completion of the whole manuscript is 671/1273 is just beforeal-TU8 s deat h. | f these 1
would be studied morein-d e pt h, surely a better understanding

and also the purposeofal-Tu 8 wo ul d thencreckue. A mgoraus assessment of the

number, contents and origination of 11"-17" century manuscripts is also much needed as it could

give clues to what extendal-TU B’ s t ext was used aAlidallimmchwhat ki nd
remains to be done and for a fair picture of the history of science there is also a very clear relevancy

to do this.

'“Kheirandish,E,> Obml oq | k F e iiitpb alfMGebwaskita § , @p1 b Pdufatatlye
N. , V&NaedAnndy. Mef il pl meiSecleq PR”ess"skegg adbni WFRRFK it aires D' |
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Appendix: table of contents of the Tehran facsimile edition
By Prof. Dr. J.P. Hogendijk'”

List of the Middle Books the Recension of Nasi r -DT anl-TtaBin the Facsimile Edition of Ms. Tabriz,
Melli Library, no. 3484, edited by Dr. Jafar Aghayani Javoshi (Tehran, institute for Humanities and
Cultural Studies, 2005), with references to vols. 5 and 6 of GAS = F. Sezgin, Geschichte des arabischen
SchrifttumgLeiden 1974-1978).

1. p. 1-22, Euclid, DataGAS V, 116.

2. p. 27-28, 25-26, 23-24, gap, 29-56, Theodosius, SpheriGGAS V, 154.

The gap begins with Spherics

book I, the end of prop. 19 and ends with Spherig8ook II, beginning of prop. 8.

3. p. 58-63, Autolycus, Moving Sphei@As V, 82.

4, p. 66-84. Euclid, OpticsGAS V, 117

5. p. 88-95, Theodosius, Inhabited Plage&s\S V, 155.

6. p. 98-117, Autolycus, Risings and Settiygss VI, 73.

7. p. 122-145, Euclid, Phaenomen@As V, 118.

8. p. 147-168, Theodosius, Days and Nigh@S V, 156, dated.

9. p. 171-184, Aristarchus, Sizes and Distances of the Sun andA8oan75, dated.

10. p. 187-189, Hypsicles, AscensionSAS V, 145.

11.p.1922 0 3, “ Ar temmatgead & 1.

12. p. 205-214, Thabit ibn Qurra, Assumed Thin@gafradat), GAS V, 271 no. 19.

13. p. 221-331, Menelaus, SpheriG&AS V, 162 no. 5. The last three pages (328-331) are not found in
the Hyderabad edition.

14. p. 331-332, Ibn al-Haytham, Division of the Liwkich Archimedes used in the second Book On the
Sphere and Cylind&s Vv, 371 no. 31.

15. p. 335-442,Nagl r -DT anl-TtaglOn the Transversal Theokemenfeld and Thsanoglu p. 214 no. M
14.

16. p. 447-532, Archimedes, On the Sphere and Cyljrdéh the commentary of Eutocius, GAS V, 129b.

17.p. 532-541, AbQ Sahl Kaht, Additions to the Book On the Sphere and Cylinder of Agettimigsiss
no. 25.

18. p. 541-545, Archimedes, Measurement of the GigA8 V, 130 no. 2.

%11 thank Prof. Hogendijk wholeheartedly for allowing me to include this table of contents (which is not
included in the facsimile edition).
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